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3. Numerical results
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1. Introduction
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1.1 Background

➢ Previous work

• PH distribution for non-exponentially distributed sojourn times.

• Condition-based inspections and deterministic delays before the repairs

• Introducing extra matrices keep track of the probability mass for repair

• Good estimation but complex

➢ Markov Model

• Widely used in maintenance modelling and system performance analysis

• Computational efficient and analytically traceable

• Limitation: exponentially distributed sojourn times, periodic/continuous inspections,

immediate repairs

➢ This paper

• Get rid of the matrices

• Approximate the delays before repairs with PH distributions
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A phase-type (PH) distribution is Continuous Time Markov Chain (CTMC) of dimension m + 1, 

with m transient states and one absorbing state.

1.2 Phase-Type (PH) Distribution

• Representation: (𝜶, 𝑺)

• 𝛂 : the initial probability vector among the

transient states.

• 𝑺: the infinitesimal generator matrix among

the transient states.

• 𝒔 = −𝐒𝟏: transition rates from transient states

to the absorbing states

• A Weibull distribution with shape

parameter 1.5 and scale parameter 0.04
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1.3 PH expansion of multi-state Markov models

Extend a conventional Markov Chain to its PH expansion.
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2. Model Description



2.1 Model Assumption

1. The bridge deterioration is described by five macro discrete condition states. The sojourn

times for bridge deterioration are assumed Weibull-distributed.

2. The bridge condition can be revealed by condition-based inspections and after each repair.
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2.1 Model Assumption (Cont.)

3. The inspections are condition-based. The

time for the next inspection is based on

the bridge condition revealed at the

current inspection.

Let 𝑡0 be the current inspection time, and

𝑗 be the bridge condition revealed from

an inspection; the time for the next

inspection would be at 𝑡0 + τj.

It is assumed that τ𝑗 = 𝑘𝑗τ5, where 𝑘𝑗 are

integers.

4. All inspections are perfect and can reveal

the true system condition.
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2.1 Model Assumption (Cont.)

5. There are significant waiting times before the conduction of repairs. The waiting

times depend on the bridge’s condition revealed during an inspection and are

assumed to be lognormal-distributed

6. There are three levels of repairs: minor repair (MiRep), major repair (MaRep)

and rehabilitation (Rehab). The repairs will most restore the bridge to the

desired state but may fail to achieve the planned bridge improvement in some

cases.
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2.2 Markov Process 

for 𝑷𝟐 when minor 

repairs will be 

planned
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2.2 Markov Process 

for 𝑷𝟑 when major 

repairs will be 

planned
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2.2 Transition Matrix

- Transition rates from the 𝒖𝑡ℎ phase to the 𝒖 + 𝟏𝑡ℎ phase of 𝕊𝑟 .

𝑨𝑟,𝑚𝑗

𝑗
- transition rates from the last phase of 𝕊𝑟 to 𝕊𝑑 .

𝑨2−5 - transition rates among macro state 2 to macro state 5 in 𝕊𝑑 .

To make it consistent in the calculation, we establish 

transition matrices with the same size. 

𝒎𝑟 = max(𝒎2 ,𝒎3 ,𝒎4 ,𝒎5 ).
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2.3 Modelling of condition-based inspections 

1. During the inspections, the probability

mass in 𝕊𝑑 is moved to 𝕊𝑟 , by inspection

matrices 𝑩
𝑗

.

2. The bridge can further deteriorate while

waiting for repair. In this case, the bridge

will follow the earlier time for repair between

the original and the rescheduled one.

Updating the inspection matrices 𝑩
𝑗

by

matching the expected waiting time.

The expected waiting time for the 

𝑢𝑡ℎ phase of 𝕊𝑟 in vector 𝑷
𝑗
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2.4 Maintenance Optimisation

• Cost Function

• Expected number of actions

Find the strategy with the minimum expected cost.
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3. Numerical Results
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3.1 Input parameters

1. Weibull-distributed deterioration process

2. Lognormal-distributed waiting times before

the repairs to match the current practice.
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3.2 Verification With Monte Carlo Simulation

Consider the following strategy:

• Inspection intervals: τ1 = 14 years,

τ2 = 6 years, τ3 = 2 years and τ4 = 3

months.

• All repairs intend to restore the bridge

to state 1, with repair efficiency 𝑒𝐿 =

0.95, 𝑒𝑀 = 0.9 and 𝑒𝑆 = 0.85.
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3.3 Optimisation Result

• Genetic algorithm for the optimal solution

• Genetic algorithm toolbox in MATLAB

• Simulation time: 200 years

• Stopping condition: 30 stall generations

• τ1 ∊ {1, 2,… , 30} years,

τ2 ∊ {1, 2, … , 8} years

τ3 ∊ {1, 2, 3} years

τ4 ∊ {1, 2, … , 6} months
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4. Summary
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4 Summary

– This paper proposed a PH model considering non-Markovian

deterioration process, condition-based inspections and repair delays.

– In contrast to the deterministic delay times in our previous work, the

delays in this paper is assumed lognormal distributed and modelled with

PH distributions.

– An illustration case of road bridges is presented to demonstrate the

modelling approach and its potential use in maintenance optimisation.
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