
Lecture 5: Electro-dynamics

•  Faraday’s law
•  Displacement current
•  Inductance and Lenz’s law
•  Energy stored in inductor/magnetic field
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Magnetic field
Charges in motion generate magnetic field

n is perpendicular to the plane containing v and 
r, in the direction given by the right-hand rule 

Magnetic flux density B in vacuum generated by moving charge q: 𝐁 =
𝜇!
4𝜋

𝑞𝒗×)𝒓
𝑟"

𝒗×#𝒓 = 𝑣 sin 𝜃 𝒏

𝜃
Magnetic field H in vacuum generated by moving charge q:

𝐁 = 	𝜇0	H

𝑯 =
1
4𝜋

𝑞𝒗×)𝒓
𝑟"

In free space is 𝜇! = 4𝜋×10#$𝐻/𝑚.

𝐼!𝑑𝒍!×/𝑹 = 𝐼! 𝑑𝑙′ sin ф 𝒏

𝑩 𝒓 = 3
𝒄

𝜇!𝐼& 𝑟 𝑑𝒍&×7𝑹
4𝜋𝑅"

𝑯 𝒓 = 3
𝒄

𝐼& 𝑟 𝑑𝒍&×7𝑹
4𝜋𝑅"

n is perpendicular to the plane 
containing 𝒍! and /𝑹, in the direction 
given by the right-hand rule 

A steady current I generates magnetic field, Biot–Savart law



Lorentz law
Force exerted by magnetic field B on a moving point charge Q is:

𝑭 = 𝑄	𝒗×𝑩

Lorentz law 

The direction is given 
by the right-hand rule 



Magnetic flux and Gauss’s law
Magnetic flux ф	is	the	integral	of	the	7lux	density	across	surface

   ф = ∫4 𝐁 > 𝑑𝐒
For an enclosed surface, the flux is zero

𝛻 > 𝐁 = 0Gauss’s law

Ampere’s	law	states	that	the	line	integral	of	the	magnetic	field	around	closed	
loop	C	is	equal	to	the	electric	current	enclosed	in	the	loop.

:𝐇 < 𝑑𝐥 = 3
'
𝐉 < 𝑑𝐬 = 𝐼

Currents generate magnetic field

Ampere’s law 



Magnetic field in material
Once there is magnetic field applied to medium, magnetization, M, occurs. 

𝐁 = 𝜇5(𝐇 +𝐌) 

𝐁 = 𝜇5 1 + χ6 𝑯 = 𝜇5𝜇7𝐇 = 𝜇𝐇

𝐌 = χ6𝐇

𝝌𝒎  is magnetic susceptibility, used 
to quantify the additional field M. 
𝜇" 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦.

Magnetic circuit  

Magnetomotive force (MMF): F = NI = HL = Φ𝑅 

Φ, magnetic flux
𝑅 = !

"#
 , magnetic reluctance



Faraday’s law            

When  (𝐁(* ≠ 0, 	𝜵×𝐄 ≠ 𝟎

∮C 𝐄 > 𝑑𝐥 = − Dф
DE = − D

DE (∫4 𝐁 > 𝑑𝐬) = −	∫4
F𝐁
FE > 𝑑𝐬

:
+
𝐄 < 𝑑𝐥 = 3

'
(𝛻×𝐄) < 𝑑𝐬

𝛻×𝐄 = −
𝜕𝐁
𝜕𝑡

𝜺	 = − ,ф
,*

    Faraday’s law, ф =	∫𝒔 𝐁 < 𝑑𝐬 	 𝐢𝐬	𝐭𝐡𝐞	𝐦𝐚𝐠𝐧𝐞𝐭𝐢𝐜	𝐟𝐥𝐮𝐱.

In static-electric field, 𝛻×𝐄 = 0;  and  ∮+ 𝐄 < 𝑑𝐥 = 0, conservative	vector	dield. 

𝐓𝐢𝐦𝐞 𝐯𝐚𝐫𝐲𝐢𝐧𝐠 𝐦𝐚𝐠𝐧𝐞𝐭𝐢𝐜 𝐟𝐢𝐞𝐥𝐝 𝐠𝐞𝐧𝐞𝐫𝐚𝐭𝐞𝐬 𝐞𝐥𝐞𝐜𝐭𝐫𝐢𝐜 𝐟𝐢𝐞𝐥𝐝.



Faraday’s law for generator 

The angle between B and surface normal direction is: 

What is the EMF and its waveform with time?

USGS

Park et al. 2020

𝑒 = −
𝑑ф
𝑑𝑡

= 𝐵𝑆𝜔𝑠𝑖𝑛(𝜔𝑡)

ф = `
4
𝐁 > 𝑑𝐬 =𝐁 > 𝐒 = 𝐵𝑆𝑐𝑜𝑠(𝜔𝑡)



Displacement current solves some puzzles:

1) Electro-magnetic wave propagates in vacuum, where there is no current J
2) Current in capacitor

When charging/discharging a capacitor, displacement current exists between the two plates (vacuum 
medium), and electric field changes. 

Displacement current
Displacement current is defined as the rate of change of electric displacement field.

𝐉/ =
𝜕𝐃
𝜕𝑡

Capacitor

𝛻×𝐇 = 𝐉 + (𝐃
(*

;    ( J = 𝜎𝐄	 is conduction current in	materials)

Ampere’s law

𝐓𝐢𝐦𝐞 𝐯𝐚𝐫𝐲𝐢𝐧𝐠 𝐞𝐥𝐞𝐜𝐭𝐫𝐢𝐜 𝐟𝐢𝐞𝐥𝐝 𝐠𝐞𝐧𝐞𝐫𝐚𝐭𝐞𝐬 𝐦𝐚𝐠𝐧𝐞𝐭𝐢𝐜 𝐟𝐢𝐞𝐥𝐝.



Capacitor and displacement current
Capacitor is charging with current I

Capacitance is                          charge current is 

𝛻×𝐇 = 𝐉 +
𝜕𝐃
𝜕𝑡

𝐼 = 𝐶
𝑑𝑉
𝑑𝑡

3
'
𝛻×𝐇 < 𝑑𝐒1 = 3

'
𝐉 +

𝜕𝐃
𝜕𝑡

< 𝑑𝐒1 = 3
'
𝐉 < 𝑑𝐒1 = 𝐼	

(/
(*

 = 0 out of capacitor

Calculating the integral over surface S2,

3
'
𝛻×𝐇 < 𝑑𝐒𝟐 = 3

'
𝐉 +

𝜕𝐃
𝜕𝑡

< 𝑑𝐒𝟐 = 3
'

𝜕𝐃
𝜕𝑡

< 𝑑𝐒𝟐 = 3
'

𝜀
𝑙
𝑑𝑉
𝑑𝑡
𝑑𝑆𝟐 =

𝜀𝐴
𝑙
𝑑𝑉
𝑑𝑡

= 𝐼

J = 0 at surface S2 𝑫 = 𝜀𝑬 = 𝜀 𝑽
$
, only inside capacitor.

𝐶 =
𝜀𝐴
𝑙

Calculating the integral over surface S1,



Maxwell’s equations

Gauss’s law for electric field

Ampere’s law

Gauss’s law for magnetic field

Faraday’s law



Example
In coil 1: I(t) = 𝐼sin 𝜔𝑡 , coil	cross−section	area	1 = area 2.
The flux produced from coil 1 going through coil 2: B(t) = 𝐵sin 𝜔𝑡
1) What is the induced voltage in coil 2?
2) Assuming resistance in coil 2 is R, calculating the current in coil 2?

	
ф = 𝑁 ∫' 𝐁 < 𝑑𝐬	 (flux linkage between coil 1 and coil 2)

𝐼% 𝑡 =
)𝑉%(𝑡

𝑅 = −
Y𝑁𝜔𝐴 \𝐵co s(𝜔𝑡

𝑅

𝑉% 𝑡 = −
𝑑ф
𝑑𝑡 = −

𝑁∫& 𝐵 sin 𝜔𝑡 𝑑𝑠
𝑑𝑡 	= −

)𝑁𝐴𝐵si n(𝜔𝑡
𝑑𝑡 = −𝑁𝜔𝐴𝐵co s(𝜔𝑡)



Inductance and Lenz’s law

Self inductance: 𝐿c =
ф!
d!

 =
e! ∫"! f!D4!

d!

Mutual inductance: 𝑀cg =
ф!#
d!

 =
e# ∫"# f!D4#

d!

Lenz’s Law
The magnetic field created by the induced current 
opposes changes in the initial magnetic field.

𝐿g =
ф#
d#

 =
e# ∫"# f#Dh#

d#

When B1 increase, the direction of B2 
is opposite. Against the change  

When B1 decreases, the direction of B2 is 
the same as B1. Against the change  

Inductance definition:

𝐿 =
ф
𝐼
=
𝑁 ∫4 𝐁 > 𝑑𝐒

𝐼

𝑀gc =
ф#!
d#

 =
e! ∫"! f#D4!

d#

𝐼𝑖

𝐼𝑖



Lenz’s law



Example: calculating inductance

Calculate the external inductance of the coaxial line in unit length.  

A coaxial line carrying current I on the inner conductor and –I on the outer.
Calculate the magnetic field H at r distance (current evenly distributed in the two conductors) 

`
i
𝐁𝜙 > 𝑑𝐒 = `

j

k
𝜇

𝐼
2𝜋𝑟

𝑑𝑟 =
𝜇𝐼
2𝜋

 ln
𝑏
𝑎

H𝜙 =
}

~��

L= �
~�

 ln�
�

𝑆 = (𝑟 − 𝑎) ∗ 1



Inductance

𝐿 = ф
%
 = 
& ∫' 𝐁)*𝐬

%

Assume the total length of an inductor is 𝑙 and the cross-section area is a

𝑅3 =
𝑙
𝜇𝑎

𝑅3ф = 𝑁𝐼

𝐵 =
ф
𝑎 =

𝑁𝐼
𝑎𝑅3

=
𝑁𝐼𝜇
𝑙

𝐿 =
𝑁g𝑎𝜇
𝑙

=
𝑁g

𝑅6

NI = HL = 𝛷𝑅 

Magnetic reluctance

Flux density

MMF



Energy stored in inductor

𝐿 =
∫4 𝑩 > 𝑑𝑺

𝐼

𝑉(𝑡) = −
𝑑
𝑑𝑡
(`
4
𝑩 > 𝑑𝑺) = −

𝑑ф
𝑑𝑡

𝑉(𝑡) = D
DE(𝐿𝐼)	=	𝐿

Dd
DE											  𝑑𝑝 = 𝑉𝐼 = 	𝐿𝐼 DdDE

𝑊 = `
5

d
𝐿𝐼
𝑑𝐼
𝑑𝑡
𝑑𝑡 = `

5

d
𝐿𝐼𝑑𝐼 =

1
2
𝐿𝐼g 𝑊l =

1
2
𝐶𝑉g

Energy in capacitor



Energy stored in magnetic field

𝑊 =
1
2
𝐿𝐼~ =

1
2
𝑁~𝜇𝑎
𝑙

𝐼~ =
1
2
𝑁~𝐼~𝜇~

𝑙~
𝑙𝑎
𝜇
=
𝐵~

2𝜇
𝑉���

Ƞ6 = �
�!"#

= �$

~�

𝐿 =
𝑁g𝑎𝜇
𝑙

𝐵 =
ф
𝑎
=

𝑁𝐼
𝑎𝑅6

=
𝑁𝐼𝜇
𝑙

Ƞl =
𝑊l
𝑉mno

=
1
2
𝐸𝐷 =

1
2
𝜀𝐸g

Electric energy density 

𝑊l =
1
2
𝐶𝑉g =

1
2
𝑉mno𝐷𝐸

Magnetic energy density 

Energy in electric field



Example
Given a tightly wound toroid with radius a, and N number of turns that conducts a 
constant direct current 𝐼. Use a = 10cm, N = 1000 and 𝐼 = 1mA. Find the magnetic field B 
everywhere assuming the core consists of

a) vacuum
b) an iron core with 𝜇r = 5000.

𝑁𝐼 =	Hl	=	𝛷𝑅	

𝐻2𝜋𝑟 = 𝑁𝐼

𝐵 =
𝑁𝐼𝜇
2𝜋𝑟



Example
a) Find the self inductance L of a long, tightly wound solenoid.
b) If the number of turns is doubled (and everything else remains the same), what will happen with the self inductance?
c) Assume that the current is decaying from I0 to 0 during the time T. Find the induced voltage as a function of I0, T and L. 

a



Example 

e	= 𝐵𝐿𝑣

Given a circuit, the right boundary can move. When 
it moves at the speed of v, what is current in the 
circuit? S is the area of enclosed by the circuit. 


