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Charges in motion generate magnetic field

Magnetic field H in vacuum generated by moving charge q: = .
source point

_ Mo qUXT

Magnetic flux density B in vacuum generated by moving chargeq: | B = 1 >
T T

B= ﬂoH

vx# = |v|sin(6) n n is perpendicular to the plane containing v and
r, in the direction given by the right-hand rule

In free space is uy = 4wx10~"H /m.
dH@ P

A steady current | generates magnetic field, Biot—Savart law

I'(rdl'xR _ L
H(r) = J (4)7TR2 I'dU'XR = |I'|dl' sin(¢p) n .
c

n is perpendicular to the plane 3 7

tol’ (AU xR containing I’ and R, in the direction

B(r) = j ATTR? given by the right-hand rule
Cc




Lorentz law

Force exerted by magnetic field B on a moving point charge Q is:

F = Q vxB

The direction is given
by the right-hand rule

Lorentz law

F = qE + q(v x B)

Curl fingers as if
rotating vector v into
vector B. Thumb is in
the direction of force.

Point thumb in direction of
velocity, fingers in magnetic
field direction. Then palm
direction is direction of

o -
=gV x B force on charge.
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/- Force is in direction
—_— that thumb points.

Force direction is
outward from palm.




Magnetic

Magnetic flux and Gauss’s law

Magnetic flux ¢ is the integral of the flux density across surface

d=J B-dS
For an enclosed surface, the flux is zero

=
DN
]

f B -dS = 0. Gauss’s law V-B=0 current
S T
Ampere’s law @;)\

Ampere’s law states that the line integral of the magnetic field around closed Y * fieta
loop C is equal to the electric current enclosed in the loop.

fH-dl=f J.-ds =1
s Currents generate magnetic field
VxB= ,u{].].



Magnetic field in material

Once there is magnetic field applied to medium, magnetization, M, occurs.

B = Uo (H + M) Xm IS magnetic susceptibility, used
to quantify the additional field M.
M = XmH U, relative permeability.

B = po(1+ Xxm)H = pou,H = uH

Magnetic circuit

Magnetomotive force (MMF): F= N/ = HL = ®R

@, magnetic flux

l .
R = x magnetic reluctance

Remanence: ameasure
of the remaining magnetization

when the driving field is
dropped to zero.

Coercivity: ameasure
of the reverse field needed
to drive the magnetization

to zero after being saturated.
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Faraday’s law

£ = —2—? Faraday’slaw, = | B-ds isthe magnetic flux.

In static-electric field, VY XE = 0; and gﬁc E - dl = 0, conservative vector field.

When g—fi 0, VXE#0

_dp_ _d
§ E-dl=—=—=(] B-ds)=— [ =

_‘f E-dl=j (VXE) - ds

Time varying magnetic field generates electric field.




Park et al. 2020

Faraday’s law for generator

The angle between B and surface normal directionis: @ = wt.

What is the EMF and its waveform with time?

¢=j B:-ds =B:-S = BScos(wt)
S
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Displacement current

Displacement current is defined as the rate of change of electric displacement field.

B dD

]D - at
’ l 'D
Ampere’s law <3 <
VXH =]+ a—]t); (J = oE is conduction current in materials) L R
Capacitor

Displacement current solves some puzzles:

1) Electro-magnetic wave propagates in vacuum, where there is no current J
2) Current in capacitor

When charging/discharging a capacitor, displacement current exists between the two plates (vacuum
medium), and electric field changes.

Time varying electric field generates magnetic field.




Capacitor and displacement current

Capacitor is charging with current |

1T

Capacitanceis ( = ed charge currentis | = CdV 5_|

p o G S

7xH =] + 22 |

=1+ 5 Y

ARG
Calculating the integral over surface S1, N
oD ‘
f \7><H-d81=f (l+—)-dsl=f J-dS; =1 i
S S dt S
oD

3 O out of capacitor

Calculating the integral over surface S2,

foH ds —J (+ . dS j . dS jgdvds AdV_
S z—Sl 2 = 2= ) Ta T

J =0 at surface S, D = ¢E = e%, only inside capacitor.



Maxwell's equations

Differential
equations
(Sl convention)
V-D=p Gauss’s law for electric field
V><H=Jf+%—? Ampere’s law
V-B=0 Gauss’s law for magnetic field
VXE:—aa—]? Faraday’s law




Example

In coil 1: I(t) = Isin(wt), coil cross-section area 1 = area 2. Coil Coil 2
The flux produced from coil 1 going through coil 2: B(t) = Bsin(wt) ~
1) What is the induced voltage in coil 2? i, ﬁ-—ﬂ’ sl
2) Assuming resistance in coil 2 is R, calculating the current in coil 2? —— =, -0
—— U \J VT
. | | sl B \\\
d=N fS B-ds (fluxlinkage between coil 1 and coil 2) I, changing By induced ™~
t — )
. . ) O]
dd N fs B sin(wt) ds NABsin( wt)
V2 (t) = Tar dt = - It = —NwABco s( wt) Galvanometer

Vo(t)  NwABcos(wt)
R R

L(t) =



Inductance and Lenz’s law

Inductance definition:

¢ NJ B-dS
1 I

L

. N, [. Byds;
Self inductance: L; = % = 511
1 1

N, [, Byds,
Mutual inductance: My, = % = SZI
1 1

P N, [5, B2dS; _ dpy Nil Bads:
, =22 = —

I L 21—, — I

Lenz’s Law

The magnetic field created by the induced current
opposes changes in the initial magnetic field.

When B1 increase, the direction of B2
is opposite. Against the change
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When B1 decreases, the direction of B2 is
the same as B1. Against the change



Lenz’s law




Example: calculating inductance

A coaxial line carrying current | on the inner conductor and —I on the outer.
Calculate the magnetic field H at r distance (current evenly distributed in the two conductors)

Calculate the external inductance of the coaxial line in unit length.

S=(r—a)*1

H([) — % I~7[\§__ e i
/T\_I\{H\ i

e e _L l

jB ds—jb I d-—“llb N
S(/’ _aManr_Znna




Inductance

Assume the total length of an inductor is [ and the cross-section area is a

[ = ¢ _ N [ B-ds
I I
MMF NI = HL = ®R
. [
Magnetic reluctance R, =—
ua
R, = NI
b NI Nlu

Flux density B=—= =

yu il
N

-
N?ap  N?
[ R,



Energy stored in inductor

L Bds
I
V(t) = d(j B-dS) = dd
dt ). dt
d dl dl
V(t)=— (L) =L— dp =VI= LI—

Energy in capacitor

bodl ! 1 1
W=J LI—dt=jLIdI=—LI W, ==CV*
o dt 0 2 2



Energy stored in magnetic field

& NI Niu
I = B=——— = ———
I a aR,, [
Energy in electric field
1 1 N?ua 1N%I?u?la B? 1 1
W=oLi2=-—to2 = B D2y W, =5V =S VigDE
2 2 1 2 12 u  2u
Magnetic energy density Electric energy density
2 W, 1 1
N, = — =2 Ne = ——==ED = = ¢E?

Vol - 2u Vvol 2 2



Example

Given a tightly wound toroid with radius a, and N number of turns that conducts a
constant direct current I. Use a = 10cm, N = 1000 and I = 1mA. Find the magnetic field B
everywhere assuming the core consists of

a) vacuum
b) an iron core with u, = 5000.

NI = Hl = ®R

H2nr = NI

_ Nip

B =
27T




Example

a) Find the self inductance L of a long, tightly wound solenoid.
b) If the number of turns is doubled (and everything else remains the same), what will happen with the self inductance?
c) Assume that the current is decaying from loto O during the time T. Find the induced voltage as a function of lo, T and L.

NI NI
H=H2=—12 B=p—
N ,
Do = [B-dsz /BdS:B/dS:,u L ona?.
Js Js Js [
P ﬁr’r{[’cs JEI?T{"J'QEVQ dI(t
L=gs=—7F=—"— e(t) = —L (£)

d t LI
1(t) = Iy (1 _ i) fr0<i<r. (t) = —L=To (1 - —) ==

T



I
Example IR I

. i . . B
Given a circuit, the right boundary can move. When Rl ® ® ®|&—=Fp_,
it moves at the speed of v, what is current in the

L . . ® ® Q| ®
circuit? S is the area of enclosed by the circuit. l

— 151 ;UL 7 . : =

S = (S0 + lvt)z op

:—@:—i B-{:lS:—i B- /dS :—EB'SZEBS:BJ'U e=BLv

dt dt Jg dt Js dt dt




