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Magnetic field
Charges in motion (currents) produce magnetic field

n is perpendicular to the plane containing v and 
r, in the direction given by the right-hand rule 

Magnetic flux density B in vacuum generated by moving charge q: 𝐁 =
𝜇!
4𝜋

𝑞𝒗×)𝒓
𝑟"

𝒗×#𝒓 = 𝑣 sin 𝜃 𝒏

𝜃

Magnetic field H in vacuum generated by moving charge q:
Independent of material property

𝐁 = 	𝜇0	H

𝑯 =
1
4𝜋

𝑞𝒗×)𝒓
𝑟"

𝜇	is called permeability and material dependent, in free 
space is 𝜇! = 4𝜋×10#$𝐻/𝑚.



Magnetic (Lorentz) force
Force exerted by magnetic field B on a moving point charge Q is:

𝑭 = 𝑄	𝒗×𝑩

Magnetic force acting on a moving charge is always 
perpendicular to it’s moving direction, so magnetic force  
only changes the charges’ moving direction.

𝑊 = 𝑭 + 𝑳 = -𝑭 + 𝑑𝒍 = -𝑭 + 𝒗𝑑𝑡

Compare to 𝑭𝒄

Work is application of force, F, to move an object over a distance, L, in the direction that the force is applied.

Lorentz law Coulomb’s law 



Lorentz law
Force exerted by magnetic field B on a moving point charge Q is:

𝑭 = 𝑄	𝒗×𝑩

Lorentz law 

The direction is given 
by the right-hand rule 



Example: Point charge’s movement in constant 
uniform magnetic filed 

A constant uniform magnetic field B, a charge q with mass m is shot perpendicularly to the 
magnetic field with speed V(0), what is the radius of charge?  

https://www.youtube.com/watch?v=orsMYomjwIw

𝐹 = %&!

'
 =	𝑞𝑣𝐵𝑠𝑖𝑛𝜃  (θ	is	the	angle	between	𝐯	and	𝐁, 90o)

𝑟 = %&!

(&)
 = %&

()

Centrifugal force

What happens if θ is not 90o? 

https://www.youtube.com/watch?v=orsMYomjwIw


Electric motor
It produces mechanical energy by current and magnets

Rotating windings: electric current (moving charge) flows



Biot-Savart law: Magnetic field generated by current
The Biot–Savart law is used for computing the resultant magnetic field B at position r in 3D-space generated 
by a steady current I. 

𝐼"𝑑𝒍"×/𝑹 = 𝐼" 𝑑𝑙′ sin ф 𝒏

Scalar calculation 𝐻 𝑟 =
1
4𝜋

N
*

𝐼+ 𝑟 𝑑𝑙+𝑠𝑖𝑛ф
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𝑩 𝒓 = N
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𝐵 𝑟 =
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N
𝒄
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𝒄
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n is perpendicular to the plane containing 𝒍" and /𝑹, in the direction given by 
the right-hand rule 



Example: Magnetic flux density 

𝑅# = 𝑟# + 𝑧#

𝑩 = ∫#-
- ."
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Assuming    a>>r, what is B?

𝑑𝑩 =
𝜇$
4𝜋

𝐼𝑑𝒍×/𝑹
𝑅#

𝑩

sin ф =
𝑟

𝑟# + 𝑧#

Find the magnetic field B at a point P at perpendicular distance r from the center of a finite length of current I,
the total current length is 2a.

𝐵 =
𝜇!𝐼
2𝜋𝑟



Example: Magnetic flux density 
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Example: Field on axis of circular loop
A ring with radius a and current I, calculate B at point on the z axis. 

sin 𝛼 =
𝑎
𝑅

𝑅 = 𝑧# + 𝑎#

B and dB directions are different 

d𝐥 × /𝑹 = d𝑙



Magnetic flux and Gauss’s law
Magnetic flux ф	is	the	integral	of	the	/lux	density	across	surface

   ф = ∫[ 𝐁 8 𝑑𝐒
For an enclosed surface, the flux is zero

𝛻 8 𝐁 = 0

There is no magnetic monopole. 

= 0

Gauss’s law



Ampere’s law 
Ampere's Law states that for any closed loop C, the line integral of the magnetic field 
around closed loop C is equal to the electric current enclosed in the loop.

1
𝜇!
𝛻×𝐁 = 𝛻×𝐇 = 𝑱

Stokes’ theorem

_𝐇 ` 𝑑𝐥 = N
7
𝐉 ` 𝑑𝐬 = 𝐼

In magnetostatic, such as constant DC current, 𝝏𝑫𝝏𝒕 = 𝟎

Current generates magnetic field



Ampere’s law: Describing the magnetic field 
around a current

Stokes’ theorem: 

𝛻×𝐁 = 𝜇!𝐉

Z
%
𝛻×𝐁 ] 𝑑𝐒 = _𝐁 ] 𝑑𝐥 = 2𝜋𝑟𝐵(𝑟)

Z
%
𝛻×𝐁 ] 𝑑𝐒 = Z

%
𝜇$𝐉 ] 𝑑𝐒 =𝜇$𝐼

𝐵 𝑟 =
𝜇!𝐼
2𝜋𝑟

2𝜋𝑟𝐵 𝑟 = 𝜇!𝐼



Magnetic field for solenoid

N
7
𝛻×𝐇 ` 𝑑𝐒 = _𝐇 ` 𝑑𝐥 = 𝐻𝑙

N
7
𝛻×𝐇 ` 𝑑𝐒 = N

7
𝐉 ` 𝑑𝐒 =𝑁𝐼

𝐻 =
𝑁𝐼
𝑙

𝑩 = 𝜇𝑯

If the core is iron instead of air, the flux density B is much stronger.



Example

https://www.space.com/earths-
magnetic-field-explained



Example: Magnetic field 

A coaxial line carrying current I on the inner conductor and –I on the outer.
Calculate the magnetic field H at r distance, current evenly distributed in the 
two conductors.
1) 0<r<a,
2) a<r<b

𝐻ф(𝑟) =
𝐼(𝑟)
2𝜋𝑟

=
𝐼𝑟
2𝜋𝑎2

∫7 𝐉 ` 𝑑𝐒 = 𝐼(𝑟) = 𝐽𝜋𝑟" N
7
𝐉 ` 𝑑𝐒 = 𝐼 = 𝐽𝜋𝑎"

𝐼(𝑟) = 𝐼
𝑟2

𝑎2

𝐻ф =
𝐼
2𝜋𝑟

(a<	r	<	b)

(0<	r	<	a)

𝐵 𝑟 =
𝜇!𝐼
2𝜋𝑟



Magnetic field in material
Once there is magnetic field applied to medium, the 
electronic spin motions in the atoms can be thought of as 
circulating current that produces a field M, magnetization. 

𝐁 = 𝜇i(𝐇 +𝐌) 

𝐁 = 𝜇i 1 + χj 𝑯 = 𝜇i𝜇D𝐇 = 𝜇𝐇

𝜇( 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦.

Bad magnetic material 
relative permeability 
Silver:1
Copper : 1
Gold: 1
Aluminium: 1

Good magnetic material
relative permeability 
Iron:  ~ 5000

Magnetization increases the magnetic flux density B in ferro-magnetic materials 
compared to vacuum. 

𝐌 = χj𝑯

𝝌𝒎  is magnetic susceptibility, used to quantify the 
additional field M.  



Field in magnetic material
Magnetic material can be used to guide magnetic field path.  



Permanent magnet
For some materials, after magnetization the electron movement can remain when external magnetic 
field disappears. The electron movement can be distorted at high temperatures, strong opposite external 
field or strong shock.



Hysteresis loop



Hysteresis loop

a. For permanent magnet, the material should have a large HL to gain high remanence and 
coercive force.
b. For electro-magnet, high permeability and low coercivity are required. 



Magnetic circuit  

Magnetomotive force (MMF): F = NI = HL = Φ𝑅 

Φ, magnetic flux
𝑅 = !

"#
 , magnetic reluctance

•  The magnet  (HL) or current (NI) possesses a magneto-motive force (MMF).
•  The MMF generates a magnetic flux.
•  The enclosed flux path is called a magnetic circuit.
•  A stronger MMF produces more flux.
•  The lower the reluctance, the more the flux.



Magnetic circuit and electric circuit

current is



Boundary condition for static magnetic field

Line current density

𝐵sP∆𝑆 − 𝐵sG∆𝑆 = 0

𝐵sP = 𝐵sG

K𝐁 + 𝑑𝐒 = 0

K𝐇 + 𝑑𝐥 = 𝐻tP∆𝑙 − 𝐻tG∆𝑙 = 𝐽<∆𝑙

𝑁𝑜𝑟𝑚𝑎𝑙 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

𝐻tP −𝐻tG = 𝐽<

𝑇𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡


